is a tree representation of data, used in hierarchical cluster analysis. The enumeration of non-isomorphic dendrograms, with specified numbers of terminal or leaf nodes, is the problem addressed here. A number of sub-classes of this problem are distinguished, arising out of whether or not a dendrogram is considered to be binary, labelled and ranked, and results are reviewed for each.
Introduction
A hierarchic classification is a sequence of partitions of a set of n objects, starting with the partition into n one-object clusters, and successively merging two or more clusters until the final partition consists of one n-object cluster. A dendrogram may be defined as a rooted tree, where each of the n terminal nodes represents an object, where each non-terminal node represents a non-singleton cluster, and finally where the root node represents the entire object-set.
If there are precisely n -1 merges in the hierarchic clustering, the corresponding dendrogram is said to be binary: each non-terminal node has precisely two offspring nodes. Examples of binary dendrograms to be discussed are shown in Figs. 1, 2, and 3. Some introductions to cluster analysis justify hierarchic clustering on the grounds that the largeness of the number of partitionings of n objects into m groups rules out exhaustive search of all possible partitionings ([l, p. 31 or [4, p. 3341) . It is of interest to pursue this argument to the combinatorial study of dendrograms. Other introductions to cluster analysis (referenced in later sections) give enumeration results, but for some particular definition of dendrogram only. The present paper gathers together a number of scattered studies in this area. In all, results are given for enumerating 7 different definitions of dendrogram, and a previously unremarked link with the problem of alternating permutations is noted.
Principal types of dendrogram
A first major characteristic of dendrograms, as has already been noted, is whether they are binary or not. There are precisely n -1 non-terminal nodes in a binary For binary dendrograms we will review the following cases:
ranked (NL-R), and for non-binary dendrograms, results will be given for: -labelled, ranked, -labelled, non-ranked. Finally a type of binary dendrogram which will be called quasi-labelled, nonranked will be looked at.
To illustrate these definitions of dendrograms, Fig. 1 shows 5 binary dendrograms. Dendrograms (i) and (ii) are identical when considered as NL-R dendrograms; but considered as L-R dendrograms, they are non-isomorphic due to the relative positionings of labels a, 6, and c. In the context of NL-NR dendrograms, all the dendrograms shown in Fig. 1 are isomorphic.
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(iv) Fig. 1 . Four dendrograms used to describe different types (see text).
Labelled, ranked, binary dendrograms
If a(n) is the number of L-R dendrograms on n terminal nodes, the following formula is given in, amongst others, [7] , [ll, p. 241, and [13, p. 3421 :
This is obtained from the product of the (2) ways to choose the first cluster, ("il) ways to choose the second, and so on until the final agglomeration, for which there are (i) possibilities.
It follows that a recurrence relation is given by a(n) = 0 l a@-l), a(1) = 1.
As an example, in the case of n = 5 when a(n) = 180, Fig. 2 shows a set of 5 dendrograms. There are 60 possible labellings for dendrogram (i), and 30 (i.e. number of successive choices of 2 labels, 1 label, and 2 labels) for each of the remainder. 
Here, the first k labelled objects can be chosen in (i) ways and clustered, or bracketed, in b(k) ways; the (n -k) remaining objects can be bracketed in b(n -k) different ways. When all possibilities as k ranges over 1 to n -1 are collected, the resulting L-NR dendrograms are doubly counted which gives rise to the factor of 3. In Fig. 2 , as an example, dendrograms
(ii), (iv), and (v) are isomorphic if they are taken as non-ranked.
As in the case of L-R dendrograms, there are 60 possible labellings for dendrogram (i), and 30 for dendrogram (ii). In the case of dendrogram (iii) the choice in labelling either pair of objects which are first clustered leads to half the result obtained previously (i.e. 30). Totalling, then, gives b(5)= 105. A more simple recurrence relation may also be obtained for enumerating L-NR dendrograms (a number of references are given in [12]):
This is arrived at as follows. Altogether there are 2(n -1) -1 nodes in a dendrogram on n -1 terminal nodes. Consider the nodes numbered in any fashion from 1 to 2n -3. The addition of an nth node can be made to the dendrogram at a point just above any of these nodes. Hence given a dendrogram on n -1 terminal nodes, there are 2n-3 possible dendrograms on n terminal nodes. It follows that
Another formula is given in [8]:
Correcting the proof in [8], we use the generating function G(X) = c {b(n)x"/n!: n= 1,2,...} which, using the first recurrence relation for b(n) above, multiplying both sides by x"/n ! ) and summing from 2 to infinity, gives 2(@ -x) = @?
Solving for 4, and using the binomial expansion of the square root, gives as coefficient of x"/n! the above b(n).
Unlabelled, non-ranked, binary dendrograms
As in the previous case, this may be viewed as a bracketing problem. The following recurrence relation is given in [3, pp. 54-5'51, [8] , and [9]:
k=l,...,+(n-1)) for n odd, The proof of this is as follows. If n is odd, then k unlabelled objects are selected and clustered in c(k) ways, and there are c(n -k) ways to cluster the remaining n -k objects. Index k ranges over 1 to +(n-l), only, so as not to doubly count the dendrograms.
In the case of n even, the term corresponding to k = in arises when the dendrogram on n terminal nodes connects together two subdendrograms on +n terminal nodes. These two subdendrograms must be chosen from c(+n) possible non-isomorphic types, repetition being allowed. Since the number of choices of two things out of x, with repetition, is (":I) we arrive at the required term. As an example for n = 5, Fig. 2 shows the three non-isomorphic NL-NR dendrograms: (ii), (iv), and (v) are isomorphic.
Unlabelled, ranked, binary dendrograms

NL-R dendrograms
do not appear to have been examined before, but they present some interesting connections with permutation problems. A recurrence relation for this type of dendrogram can be obtained as follows. Let d(n,m) be the number of NL-R dendrograms on n terminal nodes, such that there are exactly m nodes with two offspring terminal nodes. Thus in Fig. 2 , dendrogram (i) is enumerated by d(5,l) and all the others by d(5,2). We then have:
This relation is arrived at by noting that a dendrogram on n terminal nodes is constructed from a dendrogram on n -1 terminal nodes by changing a terminal node into a non-terminal node (i.e. by 'appending' 2 new terminal nodes to a former terminal node), and by re-sequencing the ranks. There are m distinct possibilities for changing, in this way, a terminal node which was formerly 'paired'; and to create The link between NL-R dendrograms and permutation problems -the subject of the last reference -is provided by the 'packed representation'
[15] of a hierarhy: for any terminal node indexed by i, with the exception of the rightmost, define p(i) as the rank at which the terminal node is first united with some terminal node to its right. Thus dendrogram (ii) in Fig. 2 may be written as p = (1243), and dendrogram (iii) as p = (1324). Alternatively this permutation may be arrived at by means of the oriented, binary tree whose nodes are given by, and labelled by, the ranks of the dendrogram.
In Fig. 3 , an inorder traversal of this tree gives the packed representation as 12534687. For all equivalent representations of the one dendrogram, we will use as a representative the hierarchy where the sequence of agglomerations is from left-to-right wherever this is possible (i.e. the non-terminal node of least rank is always in the left subtree of a given node). All the dendrograms shown in (n = 9) and associated oriented binary tree.
Figs. 2 and 3 are in this form, which will be called standard form.
Using the unique permutation representation of NL-R dendrograms in standard form allows the enumeration of the latter by d(n) as follows:
This is proved as follows. Consider element n as fixed. Then choose k elements to the left of this element in ('k') ways, and arrange them in e(k) ways. This leaves the remaining (n -k + 1) elements to be arranged to the right of the fixed element in e(n -k + 1) ways. When index k ranges over 0 to n -1 it can be seen that isomorphic dendrograms correspond to the cases where the elements to the left and right of the fixed element are interchanged (e.g. for n = 5: 13524 and 24513; or 12435 and 51243; etc.): hence the factor of 3. Finally, enumerating permutations on 1,2, . . . , II -i.e. e(n) -also enumerates dendrograms on n + 1 terminal nodes -i.e. d(n + 1). Such a recurrence relation has been used in the enumeration of alternating permutations (see [5] ), i.e.
p(i)<p(i+l)>p(i+2)
(14iln-2) (a down-up permutation if true when i = 1, otherwise an up-down permutation). The number of complementary up-down or down-up permutations is counted by the Andre numbers (see [3] ). A constructive proof of the following result is provided by the procedure described in [S]: There is a bijection between -NL-R dendrograms in standard form (on n terminals), -down-up permutations, and -up-down permutations (both on n -1 elements).
Labelled, ranked, non-binary dendrograms
The previous sections have dealt with all major cases of binary dendrograms. We now turn attention to results for non-binary dendrograms.
The number of labelled, ranked, but non-binary dendrograms is given in [lo], [ 11, p. 241, and [18, p. 2591 , as
where S(n, k) is the Stirling number of the second kind. This recurrence relation is arrived at by noting that there are S(n, k) ways to construct a partition with k classes; k ranges over 1 to n -1; and there aref (k) ways to further construct partitions from the k classes formed, which can be considered as k objects. Examples of this type of dendrogram are given in [lo] , and a variant on the above formula is given in [14] .
Labelled, non-ranked, non-binary dendrograms
The generalization of L-NR dendrograms to the non-binary case is given by [9, p. 171 in a form slightly different from the following:
where k is the number of levels in the dendrogram on n terminal nodes, and ranges over 1 to n-l.
Generalizing the proof of
in the case of L-NR binary dendrograms (see Section 4 above) which the recurrence g(n, k) reduces to when k = n -1, we can distinguish two cases: a dendrogram of k levels is constructed from a dendrogram of k levels by appending a new terminal node to an already existing node at any one of these k levels; or alternatively a new level is created. In the latter case, a new terminal node is appended just above one of the n -1 terminal nodes or the k -1 non-terminal nodes, leading to (n + k -2) ways. Reference [9] also discusses the enumeration of unlabelled, non-ranked dendrograms in the non-binary case, but does not give any simple formula. We have not found any simple results for the generalization of NL-R dendrograms to the nonbinary case, either.
Quasi-labelled, non-ranked, binary dendrograms
Finally it is of interest to note that if the set of objects on which the dendrogram is built is given a prescribed order, then the number of dendrograms is given by the Catalan numbers.
The second last level of the dendrogram breaks the ordered set into two (ordered) subsets of k and n -k objects, where k can range over 1 to n -1.
Each of the ordered subsets can in turn be broken. This gives the recurrence relation [ll, p. 271: h(n) = c {h(k)h(n-k): k=l,...,n-1) h(1) = 1.
The last-mentioned reference also gives the result which is proved using the ordinary generating function, giving the equation G(X) = -x+ @2(x).
The binomial expansion of the square root in the solution leads to the desired term as the coefficient of x".
Conclusion
The numbers of non-isomorphic dendrograms for each of the definitions of dendrogram considered are tabulated for small n in Tables 1 and 2 . The combina- Table 1 Numbers of non-isomorphic dendrograms for four types of binary dendro- Table 2 Numbers of two types of non-binary dendrograms, and a particular binary dendrogram n f(n) g(n)
h(n) Notes: f(n) = labelled, ranked, non-binary; g(n) = labelled, non-ranked, non-binary;
h(n) = quasi-labelled, non-ranked, binary.
the nodes in non-binary trees; and determining asymptotic results for numbers of dendrograms (see [S] and [lo] for some results in this area).
